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SDOF systems: the response spectrum



Figure 2-2. Corrected accelerogram and integrated velocity and displacement time-histories for the S00E component of El
Centro, the Imperial Valley Earthquake of May 18, 1940.

Figure 2-3. Comparison of strong motion duration for the S69E component of the Taft, California earthquake of July 21,
1982 using different procedures.

The response spectrum



In order to perform the seismic analysis and design of a structure to 
be built at a particular location, the actual time history record is 
required. 

However, it is not possible to have such records at each and every 
location. Further, the seismic analysis of structures cannot be carried 
out simply based on the peak value of the ground acceleration as the 
response of the structure depend upon the frequency content of 
ground motion and its own dynamic properties. 

To overcome the above difficulties, earthquake response spectrum is 
the most popular tool in the seismic analysis of structures.
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The response spectrum
Response spectra are curves plotted between maximum response of SDOF system 
subjected to specified earthquake ground motion and its time period (or frequency)



By solving the equation of 
motion, with oscillators having
different period T

The solution in terms of relative 
displacement is obtained. 

For each solution, the maximum 
displacement umax (in module) is
recorded.

The response spectrum consists
in the representation of  umax as
a function of the period T, or the 
freuency w.

!!u(t) + 2ξω !u(t) + ω 2u(t) = −!!ug (t)

The response spectrum







Sv ξ,ω( ) = !u(t) max

Sd ξ,ω( ) = u(t) max

Sa ξ,ω( ) = !!u(t) + !!ug (t) max

Spa ξ,ω( ) =ω 2Sd ξ,ω( )

Spv ξ,ω( ) =ωSd ξ,ω( )

The prefix “pseudo” is used to distinguish these spectra from the 
absolute velocity and acceleration spectra.

Displacement, velocity and acceleration spectra

Pseudo-velocity and pseudo-acceleration spectra



Consider the case where x=0 (undamped
system) i.e. the equation of motion writes:

!!u(t) + ω 2u(t) = −!!ug (t)

Sa = !!u(t) + !!ug (t) max
= −ω 2u(t)

max

=ω 2 u(t)
max

=ω 2Sd = Spa

In the absence of damping the pseudo-velocity and pseudo-
acceleration spectra coincide with the velocity and acceleration 
spectra, respectively.







Vmax = k Sd =mω 2Sd =m Spa =
Spa
g w

where w is the 
weight of the 
system and g is 
the acceleration 
of gravity

The maximum based shear Vmax and based moment Mmax

Mmax = hVmax =
Spa
g hw







In the absence of damping, the maximum strain energy Emax
stored in the structure during earthquake is equal to the 
maximum kinetic energy Vmax= ½ m Spv2 of the system: 

Emax =
1
2 k Sd

2 = 1
2 mω 2Sd

2 = 1
2 m Spv

2 =Vmax



As limiting case consider a rigid system

orω→∞ T→ 0

lim
ω→∞

Sd → 0

lim
ω→∞

Spv → 0

lim
ω→∞

Spa → !!ug (t) max = PGA



As limiting case consider a deformable system

orω→ 0 T→∞

lim
ω→0

Sd → ug(t) max = PGD

lim
ω→0

Spv → !ug(t) max = PGV

lim
ω→0

Spa → 0



1. Straight line approximation. In the digital computation of 
spectra, the actual earthquake record is replaced by linear 
segments between the points of digitization. 

2. Truncation Error. In general, a truncation error exists in 
numerical methods for integrating differential equations. 

3. Error Due to Rounding the Time Record.
4. Error Due to Discretization. In any numerical method of 

computing the spectra, the response is obtained at a set of 
discrete points. 

Errors in Evaluation of Response Spectrum



Factor Influencing Response Spectra

The response spectral values depends upon the 
following parameters:

I) Energy release mechanism
II) Richter magnitude
III)  Focal depth
IV) Epicentral distance
V)   Soil condition
VI)  Damping in the system
VII) Time period of the system



The elastic response spectrum: towards a tool for design



logSpv = logSd + logω
logSpv = logSpa − logω

Spv =ωSd

Spv = 1ω Spa

Any one of these spectra can be obtained from one of the other two 
and each one of the three spectra contains the same information, no 
more no less. The three spectra are simply different ways of 
presenting the same information on structural response.
A combined plot on logarithmic scale is shown:



lim
T→0

 Spa ξ, T( ) = !!ug (t) max
= PGA 

lim
T→∞

 Sd ξ, T( ) = ug (t) max
= PGD 

The elastic response spectrum in the logarithmic plane



The elastic design response spectrum



Spectral regions in the logarithmic plane



The effect of damping on the elastic spectrum



The effect of damping on the elas3c spectrum


